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Abstract
Two-time correlation functions of a system of Bose particles are
studied. We find relation of zeros of the correlation functions with the
Lee-Yang zeros of partition function of the system. Obtained relation
gives the possibility to observe the Lee-Yang zeros experimentally. A
particular case of Bose particles on two levels is examined and ze-
ros of two-time correlation functions and Lee-Yang zeros of partition
function of the system are analyzed.
Keywords: Bose system, Lee-Yang zeros, two-time correlation
function
1 Introduction
In 1952 Lee and Yang presented consideration that revolutionized the studies
of phase transitions [1, 2]. Since Boltzmann factor is always positive the
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partition function of physical system is positive too and can not be equal to
zero. The situation is changed if we alow the parameters in the hamiltonian of
a system to be complex. In this case the partition function may have zeros
which are called Lee-Yang zeros. Lee and Yang studied zeros of partition
function for ferromagnetic Ising model with complex magnetic field [2] and
proved the theorem that all zeros are purely imaginary. Latter it was proven
that the Lee-Yang theorem holds for any Ising-like model with ferromagnetic
interaction [3] (see also [4, 5]). Zeros of partition function also exist in the case
when other parameters of a system are complex. In 1965 Fisher generalized
the Lee-Yang result to the case of complex temperature [6].
After works of Lee, Yang [1, 2] and Fisher [6] analysis of partition func-
tion zeros are considered as a standard tool of studying properties of phase
transitions in different systems [7]. Note also that zeros of partition func-
tion fully determine the analytic properties of free energy and are very useful
for studies thermodynamical properties of many-body systems. Therefore
studies of partition function zeros are important fundamentally.
For a long time Lee-Yang zeros were only theoretically studied because of
difficulties with realization of many-body system with complex parameters
at experiment. Recently, in [8] the authors showed that experimental obser-
vation of Lee-Yang zeros of partition function of spin system is possible (see
also [9]). The first experimental observation of Lee-Yang zeros was reported
in [10].
It is worth noting that while zeros of partition function for spin systems
were widely studied (see, for instance, [8, 10, 11, 12] and references therein),
there are essentially smaller number of papers where zeros of partition func-
tion of Bose system (see, for instance, [13, 14, 15]) and Fermi system (see,
for instance,[16, 17]) were examined.
The present paper is inspired by the papers [8, 10]. The aim of present
paper is to relate zeros of partition function of Bose system with experi-
mentally observable quantities, namely, with zeros of two-time correlation
functions. This relation in principle allows experimental observation of zeros
of partition function of Bose system.
The paper is organized as follows. In Section 2 we find relation of zeros of
two-time correlation functions for interacting Bose gas with Lee-Yang zeros.
Section 3 is devoted to analysis of zeros of two-time correlation function
and Lee-Yang zeros in the particular case of Bose particles on two levels.
Conclusions are presented in Section 4.
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2 Relation of zeros of two-time correlation
functions with Lee-Yang zeros
Let us consider a system of N Bose particles which is described by the fol-
lowing hamiltonian
H =
s∑
i=1
ǫinˆi + γ
s∑
i=1
nˆ2i . (1)
Here ǫi are energy levels of noninteracting particles, s is the number of the
levels, γ is a constant of interaction (γ > 0 corresponds to repulsive interac-
tion and γ < 0 corresponds to attractive interaction), nˆi = a
+
i ai is occupation
numbers operator of i-th level with eigenvalues ni = 0, 1, 2, ..., a
+
i , ai are cre-
ation and annihilation operators of boson on the i-th level which satisfy the
following commutation relations
[ai, a
+
j ] = δij. (2)
It is worth to stress that Hamiltonian (1) can be considered as a simple
variant of Bose-Hubbard Hamiltonian [18, 19, 20]. We consider canonical
ensemble with fixed number of particles N , therefore occupation numbers ni
satisfy the following condition
s∑
i=1
ni = N. (3)
Let us consider two-time correlation function of Bose system described
by Hamiltonian (1)
〈a+j (t1)aj(t2)〉 =
1
Z
Spe−βHa+j (t1)aj(t2), (4)
where Z is partition function
Z = Spe−βH , (5)
β = 1/kT is inverse temperature and
aj(t) = e
iHt/~aje
−iHt/~. (6)
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Substituting (1) into (6), we obtain
aj(t) = e
i(ǫj nˆj+γ(nˆj)2)t/~aje
−i(ǫj nˆj+γ(nˆj)2)t/~. (7)
Let us rewrite aj(t) in the form which is convenient for calculation of the
correlation functions. Using identity
ajf(nˆ) = ajf(a
+
j aj) = f(aja
+
j )aj = f(nˆ+ 1)aj, (8)
we can write
aj(t) = e
i(ǫj nˆj+γ(nˆj)2)t/~e−i(ǫj(nˆj+1)+γ(nˆj+1)
2)t/~aj =
= e−i(ǫj+γ+2γnˆj)t/~aj. (9)
Note that aj(t) can be rewritten in the following form
aj(t) = aje
−i(ǫj−γ+2γnˆj)t/~. (10)
The conjugated operator to aj(t) reads
a+j (t) = e
i(ǫj−γ+2γnˆj)t/~a+j . (11)
Substituting (10) and (11) into (4), we find
〈a+j (t1)aj(t2)〉 = e
i(ǫj−γ)τ/~
1
Z
Spe−βHei2γnˆjτ/~a+j aj =
ei(ǫj−γ)τ/~
1
Z
Spe−βH˜ nˆj , (12)
here τ = t1 − t2. We introduce effective hamiltonian
H˜ =
s∑
k=1
ǫ˜knˆk + γ
s∑
k=1
nˆ2k (13)
with
ǫ˜k = ǫk, when k 6= j, (14)
ǫ˜j = ǫj − i
2γτ
β~
. (15)
Here index j is fixed and corresponds to the energy level for which we consider
the two-time correlation function (4). It is important to note that effective
hamiltonian given by (13) contains complex parameter (15).
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Taking Sp over eigenstates of occupation number operators, the two-time
correlation function reads
〈a+j (t1)aj(t2)〉 =
ei(ǫj−γ)τ/~
Z
∑
n1
∑
n2
...
∑
ns
nj exp
(
−β
s∑
k=1
(ǫ˜knk + γn
2
k)
)
. (16)
Note, that occupation numbers in (16) satisfy condition (3). Therefore, the
sum over occupation numbers in (16) can not be factorized. The correlation
function can be written in the following form
〈a+j (t1)aj(t2)〉 = −i
~
2γ
ei(ǫj−γ)τ/~
Z
∂Z˜
∂τ
, (17)
where the partition function Z˜ reads
Z˜ = Spe−βH˜ =
∑
n1
∑
n2
...
∑
ns
exp
(
−β
s∑
k=i
(ǫ˜knk + γn
2
k)
)
. (18)
Here nk satisfy (3). The hamiltonian in partition function (18) contains
complex parameter and Z˜ can possess Lee-Yang zeros. It is worth mentioning
that these zeros are related with the zeros of correlation function according
to (17). From (17) we find
Z˜ = Z
(
i
2γ
~
∫ τ
0
dτ ′〈a+j (t2 + τ
′)aj(t2)〉e
−i(ǫj−γ)τ
′/~ + 1
)
, (19)
where we take into account that Z˜ = Z at τ = 0.
3 Bose particles on two levels
Let us study a particular case of two-level system of N Bose particles which
is described by hamiltonian (1) with s = 2. In this case, taking into account
condition (3), we have n2 = N−n1. So, in this case correlation function (16)
can be reduced to the following expression
〈a+1 (t1)a1(t2)〉 =
ei(ǫ1−γ)τ/~
Z
e−βǫ2N−βγN
2
N∑
n1=0
n1e
−β(n1(ǫ1−ǫ2−2γN)+2γn21)ei2γn1τ/~.
(20)
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Here we consider correlation function for the level j = 1 of the system.
According to (18) partition function with complex parameter reads
Z˜ = e−βǫ2N−βγN
2
N∑
n1=0
e−β(n1(ǫ1−ǫ2−2γN)+2γn
2
1
)ei2γn1τ/~. (21)
Partition function Z has the similar expression as Z˜ but without exponent
that contains complex unit.
It is convenient to introduce the complex variable
q = e−β(ǫ1−ǫ2)+i2γτ/~ = ρeiφ, (22)
where
ρ = e−β(ǫ1−ǫ2), φ = 2γτ/~. (23)
Note that ρ and φ can be considered as independent variables if parameters
of hamiltonian ǫ1 − ǫ2 and τ are independent. Then partition function Z˜ as
function of q reads
Z˜ = e−βǫ2N−βγN
2
P1(q, β). (24)
where
P1(q, β) =
N∑
n1=0
qn1e−β2γn1(n1−N). (25)
The correlation function can be written in the form
〈a+1 (t1)a1(t2)〉 =
ei(ǫ1−γ)τ/~
Z
e−βǫ2N−βγN
2
P2(q, β), (26)
where
P2(q, β) =
N∑
n1=0
n1q
n1e−β2γn1(n1−N) = q
∂P1(q, β)
∂q
. (27)
Here it is more convenient to use derivative over q instead derivative over τ
as in (17). Note that zeros of partition function and correlation function are
related with polynomials P1(q, β) and P2(q, β), respectively.
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Let us consider high temperature limit β → 0. In this case zeros of
partition function are determined by the zeros of the following polynomial
P1(q, 0) =
N∑
n1=0
qn1 =
qN+1 − 1
q − 1
, (28)
and zeros of correlation function are determined by the zeros of
P2(q, 0) =
N∑
n1=0
n1q
n1 =
q
(q − 1)2
(
NqN+1 − (N + 1)qN + 1
)
. (29)
As we see from (28) zeros of partition function lay on the circle of unit
radius in the complex plane q, namely, ρ = 1 and φ = 2πl
N+1
, where l =
1, 2, ...N . Zeros of partition function and correlation function at β → 0 are
presented in Figure 1.
a b
Figure 1: Zeros of correlation function (marked by crosses) and Lee-Yang
zeros (marked by circles) in the limit β → 0 for (a) N = 50, (b) N = 100.
It is worth mentioning that because of relation (27) according to the
Gauss-Lucas theorem the convex hull of Lee-Yang zeros (roots of polyno-
mial P1(q, β)) contains the zeros of correlation function (roots of polynomial
P2(q, β)). This is well seen in the Figures (1)-(6), where the zeros of cor-
relation function and Lee-Yang zeros are presented for different numbers of
particles N and different temperatures β.
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a b
Figure 2: Zeros of correlation function (26) (marked by crosses) and zeros
of partition function (24) (marked by circles) for (a) N = 50, 2βγ = −1 (b)
N = 100, 2βγ = −1.
a b
Figure 3: Zeros of correlation function (26) (marked by crosses) and zeros of
partition function (24) (marked by circles) for (a) N = 50, 2βγ = −0.01 (b)
N = 100, 2βγ = −0.01.
It is also worth noting that according to the Kurtz theorem [21] zeros of
polynomial Pn(x) = anx
n + an−1x
n−1 + ...+ a0 of degree n ≥ 2 with positive
coefficients are real and distinct if
a2i − 4ai−1ai+1 > 0, i = 1, 2...n− 1. (30)
Note that in this case the zeros are also negative because the coefficients of
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a b
Figure 4: Zeros of correlation function (26) (marked by crosses) and zeros of
partition function (24) (marked by circles) for (a) N = 50, 2βγ = 0.01 (b)
N = 100, 2βγ = 0.01.
a b
Figure 5: Zeros of correlation function (26) (marked by crosses) and zeros
of partition function (24) (marked by circles) for (a) N = 50, 2βγ = 0.1 (b)
N = 100, 2βγ = 0.1.
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a b
Figure 6: Zeros of correlation function (26) (marked by crosses) and zeros of
partition function (24) (marked by circles) for N = 20, 2βγ = ln 2 (a) at the
complex plane q; (b) in the logarithmic scale.
polynomial are positive. For polynomial P1(q, β) condition (30) leads to
βγ >
ln 2
2
. (31)
Taking into account (30), for polynomial P2(q, β) we have
βγ >
ln 2
2
−
1
4
ln
(
1 +
1
(N − 1)2 − 1
)
. (32)
As we see these conditions are satisfied for repulsive interactin (γ > 0). Note,
that condition (32) is stronger than (31). Therefore, if Lee-Yang zeros are
real the zeros of correlation function are real too. This statement also follows
from the Gauss-Lucas theorem. So, in the case when condition (31) holds
Lee-Yang zeros and zeros of correlation function are real as it is shown in the
Figure 6.
Upper bounds for the magnitudes of all polynomial’s roots can be ob-
tained from Fujiwara bound [22]. Applying it to the polynomial P1(q, β) for
γ > 0 we find that the upper bound for the magnitudes of roots (upper bound
of magnitude for roots of partition function) equals 2e2βγ(N−1). Upper bound
for the magnitudes of P2(q, β) roots (upper bound for roots of correlation
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function) with γ > 0 is 2(1− 1/N)e2βγ(N−1). These results explain the mag-
nitude of roots for different number of particles and different temperatures
which are presented in Figures (4)-(6) corresponding to repulsive interaction.
For γ < 0 the upper bound for the magnitudes of roots for the polyno-
mial P1(q, β) for large N reads max(2e
−2β|γ|, 2(1−1/N)) and for P2(q, β) reads
2(1/N)1/(N−1)e−2β|γ|. This results explain the Figures (2), (3) corresponding
to attractive interaction.
Let us consider the limit of high inverse temperature β → ∞ (small
temperature). In this case we have
P1 = 1 + q
N , P2 = Nq
N . (33)
So, in the limit β → ∞ the zeros of partition function lay on the circle
q = eiπ(2n+1) (n = 0, 1, 2, ...N − 1) and the set of zeros of correlation function
is compressed into the point q = 0.
4 Conclusion
In this paper the two-time correlation functions of interacting Bose gas de-
scribed by the Bose-Hubbard model have been studied. We have found that
two-time correlation functions can be represented as (17) where partition
function corresponds to a system which is described by hamiltonian with
complex parameters. These complex parameters are related with parameters
of interaction in the Bose gas. As a result, we have found relation of zeros
of two-time correlation functions with Lee-Yang zeros of partition function.
This relation in principle gives the possibility to observe Lee-Yang zeros ex-
perimentally. Note, that the Bose systems considered in this paper can be
realized experimentally [19, 20].
Particular case of system of interacting Bose particles on two levels has
been examined and zeros of two-time correlation function of the system and
Lee-Yang zeros have been studied. In the case of repulsive interaction of
Bose particles we have found conditions (31), (32) on the temperature and
parameter of interaction when zeros of partition and correlation functions are
real. We conclude that zeros of correlation function and Lee-Yang zeros are
real in the case of low temperatures. For sufficiently large temperatures the
zeros become complex. The situation is changed drastically when interaction
in the system is attractive. In the limit of small temperatures β → ∞
the zeros of partition function lay on the circle q = eiπ(2n+1), (here n =
11
0, 1, 2, ...N−1) and the set of zeros of correlation function is compressed into
the point q = 0.
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